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ABSTRACT: A new modification of the Hermite cubic rectangular patch is proposed - the S-Patch, 
which is based on the requirement that diagonal curves must be of degree 3 instead of degree 6 as it 
is in the case of the Hermite patch. Theoretical derivation of conditions is presented and some 
experimental results as well. The S-Patch is convenient for applications, where different tessellation 
of the u – v domain is needed, boundary and diagonal curves of different degrees are not acceptable. 
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1. INTRODUCTION 
Cubic parametric curves and surfaces are very 
often used for data interpolation or 
approximation. In the vast majority 
rectangular patches are used in engineering 
practice as they seem to be simple, easy to 
handle, compute and render (display).  For 
rendering a rectangular patch is tessellated to 
triangles. In this paper we describe a new 
cubic patch modification, called Smart-patch 
(S-Patch). It is based on a Hermite cubic 
patch on which some additional requirements 
are applied. This modification is motivated by 
engineering applications, in general. It is 
expected that the proposed S-Patch can be 
widely applied in GIS systems and geography 
applications as well.  

2. PROBLEM FORMULATION 
Parametric cubic curves and surfaces are 
described in many publications [1-7]. There 
are many different formulas for cubic curves 
and patches, e.g. Hermite, Bezier, B-spline 
etc., but generally diagonal curves of a cubic 
rectangular patch are curves of degree 6. The 
proposed S-Patch, derived from the Hermite 
form, has diagonal curves of degree 3, i.e. 
curves for ݒ ൌ ݒ and  ݑ ൌ 1 െ  while the ,ݑ
original Hermite patch diagonal curves are of 

degree 6. Therefore the proposed S-Patch 
surface is “independent” of tessellation of 
regular ݑ െ  domain. It means that if any ݒ
tessellation is used, all curves, i.e. boundary 
and diagonal curves are of degree 3. 
A cubic Hermite curve can be described in a 
matrix form as 

ሻݐሺݔ ൌ ுࡹ  ࢚ ுࡹ ்࢞ ൌ ൦

2 െ3 0 1
െ2 3 0 0
1 െ2 1 0
1 െ1 0 0

൪ 

where: ࢞ ൌ ሾݔଵ, ,ଶݔ ,ଷݔ ସሿ்ݔ  is a vector of 
“control” values of a Hermite cubic curve, 
ଷݔ ൌ డ௫భ

డ௧
 and ݔସ ൌ డ௫మ

డ௧
࢚  , ൌ  ሾݐଷ, ,ଶݐ  ,ݐ 1ሿ்  , 

ݐ א ,0ۃ ۄ1   is a parameter of the curve and 
 .ு is the Hermite matrixࡹ
 
Hermite curve definition 
 

 
Figure 1: Hermite curve formulation  
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A cubic Hertmite patch (see Figure 2) is 
described in a matrix form for the 
  coordinate as-ݔ

,ݑሺ࢞ ሻݒ ൌ   ுࡹ ்࢛
்  ࢜ ுࡹ ࢄ

where: ࢄ is a matrix of “control” values of 
the Hermite cubic patch 
 

ࢄ  ൌ ൦

ଵଵݔ ଵଶݔ ଵଷݔ ଵସݔ
ଶଵݔ ଶଶݔ ଶଷݔ ଶସݔ
ଷଵݔ ଷଶݔ ଷଷݔ ଷସݔ
ସଵݔ ସଶݔ ସଷݔ ସସݔ

൪    or  

 

ࢄ  ൌ ቎
௜௝ݔ

డ௫೔ೕ

డ௩
డ௫೔ೕ

డ௨
డమ௫೔ೕ

డ௨డ௩

቏ for i, j = 1,2 

 
࢛ is a vector  ࢜ .resp ,࢛ ൌ  ሾݑଷ, ,ଶݑ  ,ݑ 1ሿ் , 
resp. ࢜ ൌ  ሾݒଷ, ,ଶݒ  ,ݒ 1ሿ்  and ݑ א ,0ۃ ۄ1  , 
resp. ݒ א ,0ۃ  .is a parameters of the patch ۄ1

Similarly for ݕ  and ݖ  coordinates: 
,ݑሺݕ ሻݒ ൌ   ுࡹ ்࢛

் ࢜ ுࡹ ࢅ  and ݖሺݑ, ሻݒ ൌ
  ுࡹ ்࢛

்  It means that a rectangular  .࢜ ுࡹ ࢆ
Hermite patch is given by a matrix 4 x 4 of 
control values for each coordinate, i.e. by 
3 x 16 = 48 values in E3. 

From the definition of the Hermite patch 
it is clear, that boundary curves are cubic 
Hermite curves, i.e. curves of degree 3. 

There are many applications, where a 
rectangular mesh is used in the ݑ െ  .domain ݒ
Sometimes ݔ, resp. ݕ values are taken as ݑ, 
resp. ݒ  parameters and only ݖ  value is 
interpolated/approximated as  ݕ ൌ ݂ሺݔ,   .ሻݕ
 

 
There are many practical reasons why patches, 
i.e. the u-v domain, are tessellated to 
a triangular mesh, let us present just some of 
them: 

1. A plane in E3 is defined by three 
points, so the 4th point is not generally 
on the plane (due to computer limited 
precision it is nearly always valid even 
if the point theoretically lies on the 
plane).  

 
Figure 3: Different tessellation of u-v 
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Figure 2: Hermite patch formulation 

S-Patch: Modification of the Hermite Parametric Patch, ICGG 2010 conference, Kyoto, Japan, 2010



 
 
 

2. The given ݑ െ  rectangular domain ݒ
mesh can be tessellated in different 
ways to a triangular mesh, in general, 
using different patterns (see Figure 3). 

3. If a rectangular Hermite cubic patch is 
used, then the diagonal curves, i.e. 
ݒ ൌ ݒ and  ݑ ൌ 1 െ   .are of degree 6 ,ݑ

Especially last two points are very important 
as the final surface depends on tessellation 
and some curves might be of degree 6. This is 
not acceptable for some applications. There is 
a natural question: “Why some curves, i.e. 
when fixing ݑ ൌ ݂ሺݒሻ, are of degree 3 and 
some are of degree 6?”. If this feature is not 
controlled carefully it could lead to critical, 
sometimes even fatal, situations. 

Understanding this, we exposed a specific 
restriction to the Hermite patch as curves for 
ݒ ൌ ݒ and  ݑ ൌ 1 െ  must be of degree 3 as ݑ
the patch boundary curves. This requirement 
has resulted into new modification of the 
Hermite cubic patch, called Smart-Patch 
(S-Patch), described below. 

3. PROPOSED S-PATCH 
Let us consider the Hermite patch on which 
we put some restrictions given by the 
requirement that diagonal curves, i.e. for  
ݒ ൌ ݒ and  ݑ ൌ 1 െ  .are to be of degree 3 , ݑ
The Hermite patch is given in the matrix form 
as 

,ݑሺݔ ሻݒ ൌ   ுࡹ ்࢛
்  ࢜ ுࡹ ࢄ

The restrictions for the proposed S-Patch are: 
,ݑሺݔ • ݒ ሻ forݒ ൌ  ,is a curve of degree 3 ݑ

it means that ݔሺݑሻ ൌ   ுࡹ ்࢛
்  is a ࢛ ுࡹ ࢄ

curve of degree 3.  
We can write ݔሺݑሻ ൌ ࢛ ଵࡾ ்࢛  , where 
ଵࡾ ൌ   ுࡹ 

்  ுࡹ ࢄ

,ݑሺݔ • ሻݒ  for ݒ ൌ 1 െ ݑ  is a curve of 
degree 3, it means that 
ሻݑሺݔ ൌ   ுࡹ ்࢛

் ࢛ ࢀ ுࡹ ࢄ  is a curve of 
degree 3, where:  

 
࢜ ൌ ሾሺ1 െ ሻଷݑ ሺ1 െ ሻଶݑ 1 െ ݑ 1ሿ்

ൌ ൦
െݑଷ ൅ ଶݑ3 െ ݑ3 ൅ 1

ଶݑ െ ݑ2 ൅ 1
െݑ ൅ 1

1

൪ ൌ 

൦

െ1 3 െ3 1
0 1 െ2 1
0 0 െ1 1
0 0 0 1

൪ ൦
ଷݑ

ଶݑ

ݑ
1

൪ ൌ  ࢛ ࢀ

 

We can write ݔሺݑሻ ൌ ࢛ ଶࡾ ்࢛  , where 
ଶࡾ ൌ   ுࡹ

்  . ࢀ ுࡹ ࢄ

The Hermite diagonal curve is in both 
cases defined as 

ሻݑሺݔ ൌ ෍  ௜௝ݎ

ସ

௜,௝ୀଵ

ସି௝ݑ ସି௜ݑ ൌ ଺ݑଵଵݎ

൅ ሺݎଵଶ ൅ ହݑଶଵሻݎ

൅ ሺݎଵଷ ൅ ଶଶݎ ൅ ସݑଷଵሻݎ

൅ ሺݎଵସ ൅ ଶଷݎ ൅ ଷଶݎ ൅ ଷݑସଵሻݎ

൅ ሺݎଶସ ൅ ଷଷݎ ൅ ଶݑସଶሻݎ

൅ ሺݎଷସ ൅ ݑସଷሻݎ ൅   ସସݎ

ሻݑሺݔ ൌ  ෍ ܽ௞

଺

௞ୀ଴

௞ݑ  ൌ  ࢛ ்ࢇ 

where:   
࢛ ൌ ሾݑ଺, ,ହݑ ,ସݑ ,ଷݑ ,ଶݑ ,ݑ 1ሿ் 
ࢇ ൌ ሾ ݎଵଵ  , ଵଶݎ  ൅ , ଶଵݎ ଵଷݎ  ൅ ଶଶݎ ൅ , ଷଵݎ ଵସݎ  ൅ ଶଷݎ

൅ ଷଶݎ ൅ ,ସଵݎ ଶସݎ  ൅ ଷଷݎ ൅ ,ସଶݎ ଷସݎ  
൅ ,ସଷݎ  ସସ ሿ்ݎ 

We have 16 equations giving the relations 
between ݔ௜௝ and ݎ௜௝  for both cases, i.e. ࡾଵ 
and ࡾଶ, that form a matrix relation, which 
expresses how the control values ݔ௜௝  form 
the coefficients in the ݎ௜௝ 
 

࣋ ൌ ષ ࣈ 
where: ࣋ is a vector of coefficients of the 
matrix R and ࣈ is a vector of control points 
in the matrix X. 
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For the case 1, i.e. ݑ ൌ   we get ݒ
ࣈ    ൌ ሾ ݔଵଵ, ,ଵଶݔ   ,ଵଷݔ   ,ଵସݔ    ,ଶଵݔ    ,ଶଶݔ    ,ଶଷݔ    ,ଶସݔ  ,ଷଵݔ  ,ଷଶݔ    ,ଷଷݔ   ,ଷସݔ   ,ସଵݔ    ,ସଶݔ    ,ସଷݔ    ସସ ሿ்ݔ 

ષ૚ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ

4 െ4 2 2 െ4 4 െ2 െ2 2 െ2 1 1 2 െ2 1 1
െ6 6 െ4 െ2 6 െ6 4 2 െ3 3 െ2 െ1 െ3 3 െ2 െ1

. . 2 . . . െ2 . . . 1 . . . 1 .
2 . . . െ2 . . . 1 . . . 1 . . .

െ6 6 െ3 െ3 6 െ6 3 3 െ4 4 െ2 െ2 െ2 2 െ1 െ1
9 െ9 6 3 െ9 9 െ6 െ3 6 െ6 4 2 3 െ3 2 1
. . െ3 . . . 3 . . . െ2 . . . െ1 .

െ3 . . . 3 . . . െ2 . . . െ1 . . .
. . . . . . . . 2 െ2 1 1 . . . .
. . . . . . . . െ3 3 െ2 െ1 . . . .
. . . . . . . . . . 1 . . . . .
. . . . . . . . 1 . . . . . . .
2 െ2 1 1 . . . . . . . . . . . .

െ3 3 െ2 െ1 . . . . . . . . . . . .
. . 1 . . . . . . . . . . . . .
1 . . . . . . . . . . . . . . . ے

ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

 

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
ଵଵݎ
ଵଶݎ
ଵଷݎ
ଵସݎ
ଶଵݎ
ଶଶݎ
ଶଷݎ
ଶସݎ
ଷଵݎ
ଷଶݎ
ଷଷݎ
ଷସݎ
ସଵݎ
ସଶݎ
ସଷݎ
ےସସݎ

ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

 

 
For the case 2, i.e. ݒ ൌ 1 െ   we get ݑ
ࣈ   ൌ ሾ ݔଵଵ, ,ଵଶݔ   ,ଵଷݔ   ,ଵସݔ    ,ଶଵݔ    ,ଶଶݔ    ,ଶଷݔ    ,ଶସݔ  ,ଷଵݔ  ,ଷଶݔ    ,ଷଷݔ   ,ଷସݔ   ,ସଵݔ    ,ସଶݔ    ,ସଷݔ    ସସ ሿ்ݔ 

ષ૛ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ

4 െ4 2 2 െ4 4 െ2 െ2 2 െ2 1 1 2 െ2 1 1
െ6 6 െ4 െ2 6 െ6 4 2 െ3 3 െ2 െ1 െ3 3 െ2 െ1

. . . െ2 . . . െ2 . . . െ1 . . . െ1

. 2 . . . െ2 . . . 1 . . . 1 . .
6 െ6 3 3 െ6 6 െ3 െ3 4 െ4 2 2 2 െ2 1 1

െ9 9 െ3 െ6 9 െ9 3 6 െ6 6 െ2 െ4 െ3 3 െ1 െ2
. . െ3 . . . 3 . . . െ2 . . . െ1 .
. െ3 . . . 3 . . . െ2 . . . െ1 . .
. . . . . . . . െ2 2 െ1 െ1 . . . .
. . . . . . . . 3 െ3 1 2 . . . .
. . . . . . . . . . . െ1 . . . .
. . . . . . . . . 1 . . . . . .

െ2 2 െ1 െ1 . . . . . . . . . . . .
3 െ3 1 2 . . . . . . . . . . . .
. . . െ1 . . . . . . . . . . . .
. 1 . . . . . . . . . . . . . . ے

ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
ଵଵݎ
ଵଶݎ
ଵଷݎ
ଵସݎ
ଶଵݎ
ଶଶݎ
ଶଷݎ
ଶସݎ
ଷଵݎ
ଷଶݎ
ଷଷݎ
ଷସݎ
ସଵݎ
ସଶݎ
ସଷݎ
ےସସݎ

ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

 

 
We can write 

ܽ௜ ൌ ෍ ௝ߦ௜௝ߣ

ଵ଺

௝ୀଵ

ൌ ௜ࣅ
 ࣈ்

for ݅ ൌ 1, … ,6 .  
As we require the diagonal curves to be of 

degree 3, we can write conditions for that as: 
• The case 1:  

ଵଵݎ ൌ ଵଶݎ  ;0 ൅ ଶଵݎ ൌ 0; 
ଵଷݎ ൅ ଶଶݎ ൅ ଷଵݎ ൌ 0 

using the matrix ࡾଵ 

• The case 2:  
ଵଵݎ ൌ ଵଶݎ  ;0 ൅ ଶଵݎ ൌ 0; 

ଵଷݎ ൅ ଶଶݎ ൅ ଷଵݎ ൌ 0 
using the matrix ࡾଶ 

From those conditions we get a system of 
linear equations 

઩ ૆ ൌ 0 
where the first three rows of the matrix ઩ are 
taken for the case 1, i.e. related to the matrix  
 ,ଵ, and last three rows are taken for the case 2ࡾ
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i.e. related to the matrix  ࡾଶ . 
 
ࣈ  ൌ ሾ ݔଵଵ, ,ଵଶݔ    ,ଵଷݔ   ,ଵସݔ     ,ଶଵݔ    ,ଶଶݔ     ,ଶଷݔ     ,ଶସݔ    ,ଷଵݔ   ,ଷଶݔ    ,ଷଷݔ   ,ଷସݔ   ,ସଵݔ    ,ସଶݔ    ,ସଷݔ    ସସ ሿ்ݔ 

઩ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

4 െ4 2 2 െ4 4 െ2 െ2 2 െ2 1 1 2 െ2 1 1
െ12 12 െ7 െ5 12 െ12 7 5 െ7 7 െ4 െ3 െ5 5 െ3 െ2

9 െ9 8 3 െ9 9 െ8 െ3 8 െ8 6 3 3 െ3 3 1
െ4 4 െ2 െ2 4 െ4 2 2 െ2 2 െ1 െ1 െ2 2 െ1 െ1
12 െ12 5 7 െ12 12 െ5 െ7 7 െ7 3 4 5 െ5 2 3
െ9 9 െ3 െ8 9 െ9 3 8 െ8 8 െ3 െ6 െ3 3 െ1 െ3ے

ۑ
ۑ
ۑ
ۑ
ې

 

 
The rank of the matrix rankሺ઩ሻ ൌ 5 , which 
means that we have to respect some 
restrictions generally imposed on the control 
points of the S-Patch. As the corner points are 
given by a user, the tangent and twist vectors 
are tied together with a relation. It can be seen 
that the vector ૆ is actually composed from 
values that are fixed (corner points are usually 
given) and by values, that can be considered 
as “free”, but have to fulfill some additional 

condition(s). Let us explore this condition 
more in detail, now. 
The equation ઩ ૆ ൌ 0  can be rewritten as 
corner points are given as follows.  
Let us define vectors ࣈ૚  and ࣈ૛ , i.e. the 
corner points of the patch ࣈ૚ and  tangent 
and twist vectors of the patch ࣈ૛, and and 
matrices ઩ଵ and ઩ଶ as 
 
 

 
૚ࣈ ൌ ሾ ݔଵଵ, ,ଵଶݔ       ,ଶଵݔ          ଶଶ ሿ்ݔ     

઩ଵ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

4 െ4 െ4 4
െ12 12 12 െ12

9 െ9 െ9 9
െ4 4 4 െ4
12 െ12 െ12 12
െ9 9 9 െ9 ے

ۑ
ۑ
ۑ
ۑ
ې

  

 
૛ࣈ ൌ ሾݔଵଷ, ,ଵସݔ    ,ଶଷݔ     ,ଶସݔ   ,ଷଵݔ  ,ଷଶݔ  ,ଷଷݔ    ,ଷସݔ    ,ସଵݔ   ,ସଶݔ   ,ସଷݔ     ସସ ሿ்ݔ 

઩ଶ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

2 2 െ2 െ2 2 െ2 1 1 2 െ2 1 1
െ7 െ5 7 5 െ7 7 െ4 െ3 െ5 5 െ3 െ2
8 3 െ8 െ3 8 െ8 6 3 3 െ3 3 1

െ2 െ2 2 2 െ2 2 െ1 െ1 െ2 2 െ1 െ1
5 7 െ5 െ7 7 െ7 3 4 5 െ5 2 3

െ3 െ8 3 8 െ8 8 െ3 െ6 െ3 3 െ1 െ3ے
ۑ
ۑ
ۑ
ۑ
ې

 

 
So we can write the equivalent to the equation ઩ ૆ ൌ 0 as  

ሾ઩૛ ઩૚ሿ ൤ࣈ૛
૚ࣈ

൨ ൌ ૙ 

As ૆૚ are given values (corner points of the patch) we can write  
઩ଶ૆ଶ ൌ െ઩ଵ૆ଵ 

Rewriting and reducing the system of equations above, we get 
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ۏ
ێ
ێ
ێ
ێ
ۍ
ଵସݔ  ଵଷݔ ଶଷݔ  ଶସݔ  ଷଵݔ  ଷଶݔ  ଷଷݔ  ଷସݔ  ସଵݔ  ସଶݔ  ସଷݔ  ସସݔ 

1 . െ1 . . . . . 1 െ1 1 .
. 1 . െ1 . . . . 1 െ1 . 1
. . . . 1 െ1 . . െ1 1 െ1 െ1
. . . . . . 1 . . . . 1
. . . . . . . 1 . . 1 . ے

ۑ
ۑ
ۑ
ۑ
ې

૆ଶ ൌ

                                                                                                                      

ۏ
ێ
ێ
ێ
ێ
ۍ
ଵଶݔ  ଵଵݔ  ଶଵݔ  ଶଶݔ 
െ1 1 1 െ1
െ1 1 1 െ1
െ2 2 2 െ2
2 െ2 െ2 2
2 െ2 െ2 2 ے

ۑ
ۑ
ۑ
ۑ
ې

૆ଵ    (1) 

 
From this equation (last two rows) we can see 
that the twist values of the patch must fulfill 
the following conditions: 

ଷଷݔ ൅ ସସݔ ൌ 2߮   
ଷସݔ ൅ ସଷݔ ൌ 2߮  

 ߮ ൌ ଵଵݔ െ ଵଶݔ െ ଶଵݔ ൅  ଶଶ  (2)ݔ
where ߮ is given by the corner points of the 
bicubic patch. 
We can define two parameters ߙ  and ߚ 
(actually barycentric coordinates) as follows: 

ߙ 2߮ ൌ ସସ  2߮ ሺ1ݔ െ ሻߙ ൌ  ଷଷ    andݔ
ߚ 2߮ ൌ ସଷ  2߮ ሺ1ݔ െ ሻߚ ൌ  ଷସݔ

It means that the twist vectors are determined 
by ߙ and ߚ values and by the corner points. 
Now we have the following equations to be 
solved (from the equation 1): 

1st row  ܾ ൅ ସଷݔ ൌ ܾ ൅ ߮ߚ2 ൌ െ߮ ,  
   ܾ ൌ ଵଷݔ െ ଶଷݔ ൅ ସଵݔ െ  ସଶݔ
2nd row  ܽ ൅ ସସݔ ൌ ܽ ൅ ߮ߙ2 ൌ െ߮ ,  
   ܽ ൌ ଵସݔ െ ଶସݔ ൅ ସଵݔ െ  ସଶݔ
3rd row   

ܿ െ ସଷݔ െ ସସݔ ൌ ܿ െ 2ሺߙ ൅ ሻ߮ߚ ൌ െ2߮ 
ܿ ൌ ଷଵݔ െ ଷଶݔ െ ସଵݔ ൅  ସଶݔ

ߚ ൌ െ ௕ାఝ
ଶఝ

ߙ             ൌ െ ௔ାఝ
ଶఝ

 

െ2߮ ൌ ܿ െ ߙ2߮ െ ߚ2߮

ൌ ܿ ൅ 2߮
ܽ ൅ ߮

2߮
൅ 2߮

ܾ ൅ ߮
2߮

 

െ2߮ ൌ ܿ ൅ ܽ ൅ ߮ ൅ ܾ ൅ ߮ 
ܽ ൅ ܾ ൅ ܿ ൌ െ4߮ 

Expressing ߙ  and ߚ   from the first two 
equations we get an equation (constraint) for 
the control values of the Hermite form that is 
actually the S-Patch as: 
ଷଵݔ െ ଷଶݔ ൅ ସଵݔ െ ସଶݔ ൅ ଵସݔ െ ଶସݔ െ ଶଷݔ ൅ ଵଷݔ

ൌ െ4߮ 

i.e. 
ଷଵݔ െ ଷଶݔ ൅ ସଵݔ െ ସଶݔ ൅ ଵସݔ െ ଶସݔ െ ଶଷݔ ൅ ଵଷݔ ൌ
െ4ሾݔଵଵ െ ଶଵݔ െ ଵଶݔ ൅  ଶଶሿ     (3)ݔ

This result should be read as follows: 
• The S-Patch control points are 

determined parametrically. The control 
points (tangent vectors) of the border 
curves have to fulfill the condition above 

• Twist vectors of the S-Patch are 
controlled by values ߙ and ߚ , that are 
determined from control points that form 
a boundary. 

4. EXPERIMENTAL RESULTS 
The experiments carried out proved that the 
proposed S-Patch has reasonable geometric 
properties.  

To join S-Patches together a similar 
approach can be taken as for the standard 
Hermite rectangular patch, but there is just 
a small complication as the equation 1 has to 
be respected and kept valid. It has just 
influence to a curvature of a surface of the 
neighbors.  
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Figure 4: Two joined patches 

rendered, mesh and normal vectors 

The experiments made proved that it is 
possible to join S-Patches smoothly. To prove 
additional basic properties of the proposed 
S-Patch we used ½ of a cube. 

 
Figure 5: Joined patches of ½ cube  

 
Nevertheless there was a severe problem 
detected, when the vertex of a mesh is shared 
by three patches. In some cases it was 
difficult to keep C1 continuity (see Figure 5).  

5. CONCLUSION 
We have described and derived a new 
modification of the Hermite cubic patch. The 
main advantages of the proposed S-Patch are: 
• Twist vectors are determined by the 

equation 1 due to the restriction put on 
diagonal curves as we require degree 3. 

• Both diagonal curves are cubic curves, i.e. 
curves of degree 3. 

• Different tessellations of ݑ െ ݒ  domain 
and conversion to triangles do not change 
the degree of border and diagonal curves. 

• Curves (boundary and diagonal) are of 
degree 3, less operations are needed as 
the computed polynomial is of degree 3. 

• The given ݑ െ ݒ  domain can be 
tessellated in different ways to four sided 
mesh and to triangular meshes for 
rendering using different tessellations. 

It should be noted that one additional 
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condition, i.e. equation 1 has to be kept valid, 
that complicates the implementation a little 
bit, but on the other hand the presented 
advantages of the S-Patch seem to be obvious. 
 The future work is to be especially 
devoted to: 
• Exploration how the S-Patch formulation 

should be modified for cases when a 
vertex of the mesh is shared by 3 or 5 
patches. 

• Analysis of the S-Patch properties 
(smoothness, curvature etc.) 

• Derivation of S-Patch conditions for the 
Bezier and other patch types. 

• Methods for users interface 
implementation including user interaction 
and manipulation in surface design. 

There is a belief, that it will be possible to 
derive additional general properties of the 
proposed S-Patch as well.  
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