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Abstract

Interpolation based on Radial Basis Functions (RBF) is very often
used for scattered scalar data interpolation in n-dimensional space
in general. RBFs are used for surface reconstruction of 3D
objects, reconstruction of corrupted images etc. As there is no
explicit order in data sets, computations are quite time consuming
that leads to limitation of usability even for static data sets.
Generally the complexity of computation of RBF interpolation for
N points is of O(N®) or O(k N?), k is a number of iterations if
iterative methods are used, which is prohibitive for real
applications. The inverse matrix can also be computed by the
Strassen algorithm based on matrix block notation with O(N*%"")
complexity. Even worst situation occurs when interpolation has to
be made over non-constant data sets, as the whole set of equations
for determining RBFs has to be recomputed. This situation is
typical for applications in which some points are becoming
invalid and new points are acquired.

In this paper a new technique for incremental RBFs computation
with complexity of O(N?) is presented. This technique enables
efficient insertion of new points and removal of selected or invalid
points. Due to the formulation it is possible to determine an error
if one point is removed that leads to a possibility to determine the
most important points from the precision of interpolation point of
view and insert gradually new points, which will progressively
decrease the error of interpolation using RBFs. The Progressive
RBF Interpolation enables also fast interpolation on “sliding
window” data due to insert/remove operations which will also
lead to a faster rendering.

Categories and Subject Descriptors

1.3.5 [Computational Geometry and Object Modeling]: Boundary
representations, Splines; 1.4.5 [Image Processing and Computer
Vision]: Reconstruction; G.1.1 [Interpolation]: Interpolation
formulas, Smoothing, Spline and piecewise polynomial
interpolation; Interpolation formulas; G.1.3 [Numerical Linear
Algebra] Matrix inversion

General Terms: Algorithms, Performance, Reliability, Theory.
Keywords

RBF, interpolation, graphics and vision, incremental computation.

1. Introduction

Radial basis functions interpolation was originally introduced by
[Hardy 1971] by introduction of multiquadric method, which he
called Radial Basis Function (RBF) method, which is based on
interpolation formula
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where: ¢(r;) = ¢(llx — x;]) and x is generally n-dimensional
vector and A; are weights. Since then many different RFBF
interpolation schemes have been developed with some specific
properties, e.g. [Duchon 1977] uses ¢(r) =r2lgr, which is
called Thin-Plate Spline (TPS), a function ¢(r) = e~€"* was
proposed by [Shagen 1979] and [Wetland 2005] introduced
Compactly Supported RBF (CSRBF) as

b(r) = {(1 —mTP(@), 0<r<1

0, r>1
where: P(r) is a polynomial function and q is a parameter.

Theoretical problems with stability and solvability were solved by
[Micchelli 1986] and [Wright 2003] and he has extended the RBF
by adding a polynomial function P, (x) of degree k to the RBF
that resulted to:

G0 =D Al =%l + Pe) = D A i) + Pe®)

and additional conditions were introduced:
Zlivﬂ ;=0

Usually a linear polynomial is used, i.e. the polynomial P, (x) is
taken as

Lidix=0

Pi(x)=ay+a” x

As the values f(x;) at points x; are known, the equations above
form a system of linear equations that has to be solved in order to
determine coefficients 4; and ay, a, i.e.

N N
£) = ) bl =l + P = ) Ay + Pul)

j=1,..,n

It can be seen that for n-dimensional case and N points given
a system of (N + n + 1) has to be solved, where N is a number of
points in the dataset and n is dimensionality of data. For n=2

. T
vectors x; and a are given as x; = [x;, ;17 and a = [ay, a,] .
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Using the matrix notation we can write for 2-dimensions: Some interesting problems can be solved using RBF interpolation
quite effectively, e.g. surface reconstruction from scattered
b11 - Pinv X1 W data [Carr et al. 2001], [Ohtake et al. 2005], reconstruction of
: : : : damaged images [Uhlir and Skala 2006], [Zapletal et al. 2009],
On1 - SN XN YN 1 | N inpainting  removal [Bertalmio et al. 2000], [Wang and
X1 .. XN 0 0 O | 0 | Kwok 2009] etc.
Vi .- YN 0 0 0 lOJ L . .
1 . 1 0 0 0 All those applications of RBFs based interpolation has one
significant disadvantage — the cost of computation. This is
[ B P [1] [f ] Ax=bh especially severe in applications where data are not static. There
are actually two cases:
a’ x;+ag=ayx;+ayy;+a 1. Position of points is fixed, but the value associated with a
It can be seen that for 2-dimensional case and N points given point is changed. In this case iterative methods are usually
asystem of (N + 3) linear equations has to be solved. If “global” faster than explicit computation of an inverse matrix.
functions, e.g. TPS (¢(r) = r?lgr ), are used the matrix B is 2. Position of points is changed. It means that the whole
“full”, if CSRBF functions are used, the matrix B can be sparse. system of linear equations has to be form and recomputed

which leads generally to O(N®) computational complexity
and unacceptable time consuming computation.

In some applications a “sliding window” on data is required,
especially in time related applications, when old data should not
be used in the interpolation and new data should be included. This
is typical situation in signal processing applications.

Considering facts above there is a questions how to compute RBF
incrementally with a lower computational complexity?. This
question will be answered in the following section.

Figure 1: Surface reconstruction (438000 points)
[Carr et al. 2001] 2. Incremental RBF computation

The main question to be answered is:

Is it possible to use already computed RFB interpolation
if a new point is included to the data set?

If the answer is positive it should lead to significant decrease of
computational complexity. In the following we will present how a
new point can be inserted, a selected point can be removed and
also how to select the best candidate for a removal according to an
error caused by this point removal.

Original image Reconstructed image
[Bertalmio et al. 2000] [Uhlir and Skala 2006] Let us consider some operations with block matrices (we will
Figure 2: Reconstruction of inpainting assume that all operations are correct and matrices are non-
singular in general etc.).
[A Bt (A-BD () ! —A"'B(D - CA™'B)!
¢ pl " |l-(p-cAaB)ca? (D-cA'B)?

Let us consider a matrix M of (n+1) x (n+1) and a matrix A of
n % n in the following block form:

_[A b
M= [bT c]
Then the inverse of the matrix M applying the rule above can be
written as:
Figure 3a: Original image with 60% of damaged pixels 1 -1 1
g g 9 ’ geap [(A ~—bb") ——A‘lb]
M—l — k
|t L
k k
1 1
-1 3 A-1ppTa-1 __p-1
_ A+ kA bb" A kA b
1 1
——pTAa? _
k k

where: k =c—bTA"b

Figure 3b: Reconstructed image
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We can easily simplify this equation if the matrix A is
symmetrical as:

&E=A4"1 k=c—&b
yt o L[fAT +E@ET ¢
k —&r 1

where: §®&T means the tensor multiplication. It can be seen that
all computations needed are of O(N?) computational complexity.

It means that we can compute an inverse matrix incrementally
with O(N?) complexity instead of O(N®) complexity required
originally in this specific case. It can be seen that the structure of
the matrix M is “similar to the matrix of the RBF specification.

Now, there is a question how the incremental computation of an
inverse matrix can be used for RBF interpolation?

We know that the matrix A in the equation Ax = b is symmetrical
and non-singular if appropriate rules for RBFs are kept.

2.1 Point Insertion

Let us imagine a simple situation. We have already computed the
interpolation for N points and we need to include a new point into
the given data set. A brute force approach of full RBF
computation on the new data set can be used with O(N®)
complexity computation.

Let us consider RBF interpolation for N+1 points and the
following system of equations is obtained:

[ $11 b1n b1n+1 X1 Y1 1] M [ fi ]
: .. : : : 1 : :
o1 dnn PN N+1 XN w1 {AN l | fv |
|¢N+1,1 On+in Prein+1 Xn+1 YN+1 1| Aner|= | fuer
| Xy Xy Xn+1 0 0 0| Ax 0
V1 YN YN 0 0 0 { Ay J l 0 J
L 3 1 1 0 o ol a 0

where: ¢;; = ¢;;

Reordering the equations above we get:

0 0 0 X1 . Xy XN+1 ay 0
[ 0 0 0 Y1 - YN YN+1 ” ay] [ 0 ]
0 0 0 1 .. 1 1 ao 0
X1 V1 1 ¢4 b1 P1n+1 M | = | fi
XN YN 1 ¢N,1 ¢N,N PN+ Ay fn
lxN+1 Yn+r 1 Pni1a N+ Pr+iN+1 An+1 lfN+1J

We can see that last row and last column is “inserted”. As RBF
functions are symmetrical the recently derived formula for
iterative computation of the inverse function can be used. So the

RBF

interpolation is given by the matrix M as

M=lg o

where the matrix A is the RBF matrix (N+3) x (N+3) and the
vector b (N+3) and scalar value c are defined as:

1 ¢1,N+1

€= dnsin+1

b=[xy+1 Yn+1 ol o

It means that we know how to compute the matrix M~ if the
matrix A~ is known.

That is exactly what we wanted!

Recently we have proved that iterative computation of inverse
function is of O(N®complexity, that offers a significant
performance improvement for points insertion. It should be noted
that some operations can be implemented more effectively,
especially §®&T = A~1bbT A" as the matrix A~ is symmetrical
etc.

2.2 Point Removal

In some cases it is necessary to remove a point from the given
data set. It is actually an inverse operation to the insertion
operation described above. Let us consider a matrix M of the size
(N+1) x (N+1) as

_[A b

M= [bT c]

Now, the inverse matrix M is known and we want to compute
matrix A, which is of the size N x N.

Recently we derived opposite rule:

_[A b
M_[bT c]
£=A4"1p k=c—&b
A+ LERET o
M1 = kf ¢ kf _[Qu Q12]
1. 1 Q1 Q2
B 4 -
k k

It can be seen that
1
Q. =A"+ Ef®fT
and therefore
-1 _ 1 T
A" = Qqy _Ef®f

Now we have both operations, i.e. insertion and removal, with
effective computation of O(N?) computational complexity instead
of O(N®). It should be noted that vectors related to the point
assigned for a removal must be in the last row and last column of
the matrix M %,

2.3 Point selection

As the number of points within the given data set could be high,
the point removal might be driven by a requirement of removing a
point which causes a minimal error of the interpolation. This is
a tricky requirement as there is probably no general answer. The
requirement should include additional information which interval
of x is to be considered.

Generally we have a function

)= 2 i) + Px)

and we want to remove a point x; which causes a minimal error &;
of interpolation, i.e.

N
[ = Agi@® + P

i=1,i#j
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and we want to minimize
5= [Ire - ol ax
Q

where 2 is the interval on which the interpolation is to be made. It
means that if the point x; is removed the error g is determined as:

5 =1 | oI~ Dax

As we know the interval 2 on which the interpolation is to be
used, we can compute or estimate the error ¢; for each point x; in
the given data set and select the best one. For many functions ¢
the error & can be computed or estimated analytically as the
evaluation of ¢; is simple for many functions, e.g.

Inr 1
m+1 (m+1)?

er Indr = rm+!

It means that for TPS function r2Inr the error g, is easy to
evaluate. In the case of CSRBF the estimation is even simpler as
they have a limited influence, so generally A; determines the
error g;.

It should be noted, that a selection of a point with the lowest
influence to the interpolation precision in the given interval  is
of O(N) complexity only.

We have shown a novel approach to RBF computation which is
convenient for larger data sets. It is especially convenient for
t-varying data and for applications, where a “sliding window” is
used. Basic operations — point insertion and point removal — have
been introduced. These operations have O(N?) computational
complexity only, which makes a significant difference from the
original approach used for RBFs computation.

3. Conclusion

The proposed Progressive RBF Interpolation method has
advantages over the standard techniques based RBF interpolation
due to possibility to insert/remove points with decreased
computational complexity from O(N®) to O(N?). This enables to
apply this approach in applications when interpolation or
rendering of data in a “sliding window” and/or t-varying
interpolation data are required; in applications when some data are
becoming invalid and new data are acquired and need to be
included into the interpolated data set. Due to lower
computational complexity it is also possible to handle data sets in
which scalar values associated with t-varying points, i.e. it is
possible to handle non-static data as well.

It is expected that the presented approach can lead to development
of new algorithms especially in surface reconstruction of 3D
objects. As the proposed Progressive RBF Interpolation uses
vector / matrix  operations exclusively it is suitable for
GPU / Larabee architectures as well.

Future work will be devoted to development of methods
minimizing the error of interpolation with maximization of
number of points removed from the dataset. This should lead to
data compression techniques based on RBF representation.
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