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1. Introduction

In the Jagt few
surface or iso-lin

€ extraction are often used jp
many  brancheg i

> €8 in medicine for

Tomography)
in meteorology  for
simulation. The basic
iso-line (2D) or iso-surface
h as linear,
trilinear 3D)
in methods for
€8 marching

methods  for
(3D) extractiq
bicubijc,
interpolations. They are ygseq
data visualization,

arching tetrahedra
(2D) very often,

cription of
ned by an implicit
it can pe directly
Iimplicit form. The

objects. The object is defj

€quation (£x)=0) angd
visualized from jtg

and rendering of the implic:
ned by ap implicit function Ax)=0[2].

The problem Is that there are not
€nough rea) objects that are defined by an
mplicit function, There are a few basjc
Primitives, €.g. sphere, cylinder, toryg that are
¥ This work was Supported by the Grant No.: MSM 235200005
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-line, €Xtraction, i

years the methods for iso-

1.1. Problem definition

The iso-line
method
nterpolation problem,
Scattered datg
Smooth functipn t
set of data points [7.

-line extraction

used for modeling in CSG (Constructive Solid
Ge metry) together with Boolean Operations,
Penetratiop ip this field s jn 4 new method for
implicitization of real objects bagsed on

cit functiong using the Radia]

computationally €xpensive

method for interpolation of scattered data, See
Section 2 for details,

Our idea g to use the RBF

method for
approximation of jsg.

line in CT data insteaq of

interpolation with
refers o the

The
Interpolation is

the RBF

Scaltered  dayy
problem of

o create ,
hat passes through 5 given




The iso-line extraction problem can be defined
as.

Problem: Given a surface S by n distinct
points x;, ..., Xn, Where x=[x; y; b,]T, where
value of hi is defined as hi=f(x, y). The
surface is approximated/interpolated by a
function z=f{x, »). For the given value g find
an iso-curve L, for which Mx, y)=¢.

In order to be able to asses RBF behavior we
will compare RBF method with the linear
interpolation method, see Section 6.

2. Radial Basis Function interpolation

Having defined the problem to be solved, let
us now describe the RBF method. Scattered
data interpolation can be achieved using radial
basis functions centered at the set of # input
points (constraints). Radial basis functions are
circularly symmetric functions centered at
a particular point. The RBF method may be
used to interpolate a function with n points by
using # radial basis functions centered at these
points. The resulting interpolated function thus
becomes:

=2 200x-c,) ()

where ¢;j are given locations of a set of z input
points (constraints), A, are the unknown
weights, x is a particular point and ¢/x-cj/) is
a basis function where &0)=0 and
/&=ci/f=r;. It can be evaluated for the given
radial r;, defined by the difference of the point
in which we want to evaluate this function and
the constraint. There are some popular choices
for the basis function, e.g. the thin-plate spline
(D) =rdog(s), the Gaussian @(r)= exp(-cr),
the multiquadric @) = V(#+c%), biharmonic
#(n) = |r/and triharmonic ¢(z) = |17) splines.

Fig. 1 — Solution of Eq. (1) for an arbitrary point x
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In order to find a set of A; for which the
interpolation constraints satisfy #=f¢;), we
can define the right side of the Eq. (1) for ffc,),
which gives:

fe)=3 Aplle,~c, D=4

For the given constraints ¢; we can rewrite Eq.
(1) to the form A=f¢;) and Fig. 1 shows how
the scalar values r; for an arbitrary point x
are defined.

Since this equation 1s linear with
respect to the unknown A, it can be formulated
as a system of linear equations. Let us define
c=[ci',¢’]" and  g=@(leici) for an
interpolation in 2D. Then this linear system
can be written as follows:

@

G P o S| A |4
¢nl ¢n2 ¢IIIJ ﬂ'n bn

In some cases (including the thin-plate spline
solution), it is necessary to add the first-degree
polynomial Ax)=ac*+bc”+¢ to account for
linear and constant portion of fand to ensure
positive definite of the system solution [3].
Then Eq. (1) is modified to the Eq. (4).

=Y A00x-c,)+PH) @)

If a polynomial is included, Eq. (4) similarly
becomes [8]:

F¢“ A ¢, o ¢ lnr/?.l- _l{
Oy b o b, 6 o 1 4 h
B P 6, ¢ ¢ 1|4 |=l4 (5)
g ¢ ¢ 0 0 0}a 0
g ¢ ¢ 0 0 o0& |0
R S 1 0 0 0fc] O]
If we denote:
A =gl ¢, l), Lj=L..,n
p,=[c, e 1, i=1,...,n (6)

a= [3, b, C]r

r=[4,4,..4,1, h=[h b, h],

P=[p,|p,|.Ip,],
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then we cap, Tewrite the system in Eq. (3) to
the form:

AT Th AlpT
Li_fh =28 7
B[a] [0] where B Pl o @)

Afterwards, the linear equation system Eq. (5)
is solved, Then the function Ax) can be
evaluated for ap arbitrary point x.

Scattered interpolation

Discussion on the system (7) solution
and the variables determination will  be
provided in the following section,

3. System solution

B(mxm), where m=p+3 (+rank of a). It is
obvious that condition A=( IS satisfied for al
On-curve pointg thus h js 4 Zero vector.,
Because we have ng 0n-curve points thysg all
values in h vector are non-zero. The System
matrix B puq at the maijn diagonal zero
elements apg non-diagonaj clements are
non-zero. It cap be verified that the rank of our
System matrix B IS equal to M and jtg
determinant IS non-zero, Thus the linear
System can be solved.

It should be noted that LU factorization
{71, 19, [8] is the most Commonly ysed

4. Input da¢a

The data jp 2D grid cap Iepresent, e
elevation, temperature, density, etc. In our
Case, the value of data sampleg represents thejr

of samples s generated from the mathematic
description — Eq. (8). such an evaluated grid
Serves as ap mnput for both mentioned methods
(RBF and MS).
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We used an ellipse for grid values generatjon
in our tests.

- 2 - _2

where x, Y are grid vertex coordinates; Sy, S
are a centre coordinates; 2 and b are ellipse

Grid vertices that lie outside of the

ellipse have Positive, on the ellipse zero ang

contour of an ellipse,

5. Zero leve] tracking
5.1. RBF method

The RBF Steps for zero level tracking are a5
follows:;

L At first, we select neighbors We want to yse
4,8, 12 and 16, see Fig. 2) and all cells are
processed Sequentially.

2. We have a set of points for €ach cell from 5
grid (depending on previously selected
neighbors), points do pot need to pe
ordered,

3. For the get of points, the RBF is evaluated
Eq. (5).

4. Zero iso-line is approximated withijp acell
with the use of 5 step method (see Fig. 3).

3, ffb B

-+ ONe sample
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o D c D
a) b) Fig. 4 - 3 basic Marching Squares cases and the cell

Fig. 3 — Step method examples: a) vertical steps, description

b) horizontal steps
A special “table created in the

For four neighbors the RBF generates almost preprocessing contains all possible variants
the same iso-line as a linear approximation’ (16 cases) of how the iso-line can intersect cell
sce Figure 6a. For all 1 stands A1=0. edges. For each index configuration, the table
Coefficients a, &, ¢ of the polynomial Ax) are also contains intersected edges. All 16

possibilities can be reduced to three basic

non-zero. Hence, the impact of &) is ) -
cases due to rotation, see Fig. 4.

minimal.
5.2, Marching squares 6. Methods comparison
Linear interpolation is typically used for an The MS method (linear interpolation) and the
iso-line extraction from a 2D scalar data and it RBF method are compared in this section. The
is known as MS method. It is based on the comparison is done as to iso-line length and
same principle as Marching Cubes {7]. The area, which is enclosed by the iso-line. In
input of MS method has to be ordered to the addition, the reasons and observations are
regular grid. The output is a set of line discussed as well.
segments that approximate the iso-line for the The iso-line length is computed as a
given threshold value. We are interested in the sum of lengths of all linear segments of the
zero threshold. iso-line (for both methods).
The area enclosed by this iso-line is
The steps of MS method are as follows: computed as an area of a general polygon.
1. Sequential traversal of all the cells Such an area cannot be computed directly, but
2. The four bit index computation for the we can take a cell area and subtract a triangle
actual cell. The value of A, B, C, D nodes from it (depending on the computed bit index)
can be positive 1 or negative 0 => binary to simplify the computations, see Fig. 5.

index = ABCDg, see Fig. 24.

3. On the basis of the index we can decide *
which edges of the actual cell are
intersected by the zero iso-line (with the use
of a special table).
4. The linear interpolation is than used to find + -
the intersections of the iso-line with the 1. S=S(cell) - S(tr1) - S(tr2)

2. S=S(cell) - S{tr)

d f th tl :
edges of the currently processed cell 3. S=S(rect)

X=X+ fg:—j; (Threshold— A) (9)

Fig. 5 — An area computation
where xp is the intersection point, x4, Xp The step method interpolates the zero level
are edge end points, and A, B are data with line segments and thus the area
values ) computation is similar. The only difference is
in the x4, Xg points. that the step method creates a set of trapezoids
instead of one triangle that is produced by the
The algorithm ends when all cells were MS method.

traversed and the iso-lines can be drawn.
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maximum
Coatributiop ¢ the final area.

The computed length apd area are
Compared to the original function that was
used to generate 2D grid data, in our cage the
ellipse,

S= ab;

2
a
- (10
Where § s the ellipse area; 7 jg the ellipse
length; E(t& is an incomplete elliptic integraj

and minor),

The radia] basis function &D =|r/ and
the ellipse with a=2 p=; were used for g
below presented tables ang figures.

Fig. 6 — The RBF apd linearly approximated contours
for a) 4, b)8,¢) 12 and d) 16 neighbors in 2P, Dots
show data samples,

Note that aj) patches are almogt planar
for four neighbors. In Fig. 8 we want to show
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solution for the MS method (iso-line) and 16
neighbors (patches) case.

’/ ¢
///ﬂ
A /@////w”/
N

Fig. 7 Linear interpolation and RBF patches
“ neighbors) ina3D view

Fig. 8 — Linear interpolation and RBF patches
(16 neighbors) ina3D view

length of iso-lines are compared. Implicjt
represents  the
analytical solutiop The number of neighbors
is important only for the RBF method and hag
1o use in conpectiop with MS method,

Tab. 1 ~ Iso-curve length (for different number of
neighbors)

implicit
function Ax)=0. The Same holds for the area
approximation ag can be obseryeq from Tab, 2.




4 8 12 16
exact 6.28 6.28 6.28 6.28
MS 5 5 5 5
RBF 5.00 6.48 6.41 6.35

Tab. 2 - Enclosed area of iso-curve (for different
number of neighbors)

Method
Resolution | MS | RBF 4 | RBF 8 | RBF 12 | RBF 16
10x10 102 24 2.6 3.1 4.2
50x50 24| 88 12.4 16.4 23.3
100x100 |9.71 19.8 | 25.8 39.7 45.0

Tab. 3 — Iso-curve extraction times [s] (for different grid
resolutions)

Comparison of times for different space
divisions can be seen in Tab. 3. It is necessary
to note, that time of computation is not quite
relevant as computation was made in Matlab.

7. Conclusions

When comparing RBF method with Marching
Squares method, the MS method can be
substituted with RBF function, which provides
similar results for four neighbors. With
neighbor extension the better accuracy is
reached. In addition, better continuity than
(linear interpolation) is reached with the use of
RBF method. The RBF method does not need
ordered input points.

8. Future work

At first, we would like to improve and
optimize the method we used for the RBF zero
level tracking. The RBF interpolation could be
also useful in image processing field to shrink
or extrapolate images.

Also the extension of presented
approach to 3D is another goal. Such approach
could be used to an iso-surface extraction.
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