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Abstract. Bicubic parametric plates are essential for many geometric
applications, especially for CAD/CAM systems used in the automotive
industry, mechanical and civil engineering applications. Usually the Her-
mite, Bézier, Coons or NURBS plates are used. There is always a problem
to explain how the Hermit bicubic plate is constructed. This contribution
describes a novel formal approach to Hermite bi-cubic plate construction
using the tensor product.
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1 Introduction

This contribution describes a novel approach for deriving Hermite bicubic para-
metric patch. Simple and understandable formal derivation of the Hermite is
crucial for the understanding it. Especially, within computer graphics and geo-
metric modeling courses, mostly only the mathematical definition is presented.
The standard derivation of the Hermite form is quite complex.

The presented approach based on tensor product with linear operators is
simple, easy to understand especially convenient for computer graphics and ge-
ometric modeling introductory courses. The Bézier parametric patch S(u,v),
Bézier[3], is actually based on the tensor product of Bézier curves, i.e. S(u,v) =
C(u)®C(v). In general, cubic parametric curves and bicubic parametric patches
are described in Cogen[4], Goldman[6], Prautzsch[11], Holliday[7] and Rock-
wood[12], etc.

It should be noted, that in the case of the bicubic parametric patches the
"border curves are cubic parametric curves. However, the diagonal and anti-
diagonal curves, i.e. for v = v and uw = 1 — v, the curves are of degree 6. If
restrictions to the curve degree 3 are introduced, additional requirements are
obtained. Such restrictions were specified in Skala[14][16] for the Hermite para-
metric patch and Koleun[9], Skala[15] for the Bézier parametric patch. Geometric
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interpretation of the tensor-product diagonal of a Bézier volume was investigated
by Holliday and Farin[7]. Triangular patches were desrcibed in Farin[5], Karim|8].

2 Tensor product

The tensor product[19] is not frequently used, however it is very useful. Generally,

it is the non-commutative product on two vectors v = [vl,vg,...,vn]T and
W = [wi,ws, ..., wy,|T defined as:
V1w w2 - V1Wm
VW1 VW2 -+ VW
veaw=| . o . (1)
VpW1 VW3 ... VW,

The Kronecker product[17], named after the German mathematician Leopold
Kronecker (1823-1891), is a generalization of the outer product and a special
case of the tensor product[19].

AoB= ai,1 41,2 ® b1,1 b1,2 _
az,1 a2.2 52,1 bz,z

a1 bi1 b2 - b1,1 b12
b1 baa| 7 b2 b2

e 2

az;1
ba1 ba o

a1,1b1,1 a1,101,2 a12b1,1 a1,201 2
01,152,1 Cl1,152,2 a1,2b2,1 a1,252,2
az,lbl,l a2,1b1,2 a2,251,1 az,zbl,z
a2,1b2,1 02,152,2 a2,2b2,1 02,2b2,2

If the tensor product is applied on differential operators, the following matrix is

obtained: o o
1 1 1 = 1 =
lelil-la st - o 2 @
ou ov Ou Ou \dv Ou Oudv

The tensor and Kronecker products are multilinear[18] and can be also applied
on functions Mochizuki[10].

3 Hermite cubic curve

The Hermite parametric cubic curve segment uses two end-points z1, x5 and
two tangential vectors x3, x4 of the cubic segment end-points, see Fig.1.
The position of the point x(u) is given by Eq.4:

z(u) = a1u® 4 agu® + azu + ay

4
z(u) = Zaiu‘l*i , ue<0,1>
i=1
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Fig. 1: Hermite cubic curve (tangential vectors shortened

and the tangent vector z'(u) = dfi(u“) is given by Eq.5:

x(“)(u) = 3a1u® + 2a2u + as

3
. 5
2 (u) = 2(4 —i) aiu®', uwe<0,1> ©)

The Eq.4 can be rewritten using the dot product as
x(u) = [a1,a9,a3,a4]” w3 u? u,1] = alu (6)

Solving the Eq.4 and Eq.5 for the curve segment end-points, i.e. u =0 and u = 1
the following system of linear equations is obtained:

z(0) = aq

(1) =a1 +as+az+ay
W () — (7)

' (0) = as

x(“)(l) = 3a; + 2a9 + as

where z
It leads to a system of equations for the unknown coefficients a = [ay, az, a3, as]”
for the given end-points property

def u u
€ = [2(0), (1), 2™ (0), 2 ()] = [y, 2o, 2", 2§V]T.

() _ oz
ou”

0001( |ay T
1111] |a T2
0010 az = || - Ba=g (8)
3210 |ag 2

Solving the linear system of equations Ba = &, Eq.7, the coefficients of the
Hermite form are obtained.
Then

z(u) = agu® + agu’® + azu + ay =
(B™'6)"u=€"B"u
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where u = [u?,u?,u,1]7, B~7 is transposed the inverse matrix. Now, the Her-
mite parametric curve is then described as:

z(u) = €TMpu =

2 301

_ 10
¢ 12—32(1)8 u=u'Mpé .

1 -100

where u = [u?,u?,u,1]7, My = B! is the matrix of the Hermite form and
€ = [2(0),z(1), 2 (0),z( (1)) = [xl,xg,xgu),xéu)]T are the control values of
the curve z(u).

It should be noted that the Eq.10 represents only the z(u)-coordinate and
for the other coordinates, i.e. y(u), z(u), it is similar.

Generally for the E? case, for a curve C(u) we can write:

C(u) = [P1,P2,P3, Py My [0, v u,1] =

(11)
[Py, Py, P3,Py]" My u

where Py = [21,91,21]7, P2 = [22, Y2, 22] are vectors of the curve end-points,
P; = [xgu),y§u),z§")]T, P, = [xéu)7yéu),z§u)]T are vectors of the tangential
vectors at the curve end-points. The Eq.10 can be rewritten as:

"
T u?
C(u) = [P1, P2, P3, Po]” My | (12)
1
, l.e.
z(u) 2 () g g 52
y) | = o us i o | Ma | (13)
dw)] [ 0w X

Note that the Eq.10 is formally valid also for the Bézier, Catmul, Ferguson, etc.
curves, however, the control vector £ has different properties.
The Bézier curve of the degree n is defined as:

(B) _ - ™Y L1 — )i 14
=S}t - (1)
and the tangential vectors are defined as:

x(“)(O) =n(z1 — xp) :E(“)(l) =n(Ty — Tp_1) (15)

It can be seen direct connection between the Hermite and Bézier forms. Therefore
the Hermite, Bézier, Ferguson, etc. curves are mutually convertible, see Anand|[2].
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It should be noted, that an invertible matrix Mpy_,p (4 x 4) exists, which
transforms the Hermite form to the Bézier form:

Bz(u) = My_p Fa(u) (16)
where Bz (u), resp. ) z(u) means the z-coordinate of the Hermite cubic curve,
resp. Bézier cubic curve, see Anand[2]. Continuity conditions were also studied
in Ali[1], Skala[13].

4 Hermite patch

The Hermite bicubic patch is actually two dimensional case of the multi-variate
interpolation. The bicubic parametric patch for the z-coordinate is defined as:

4

Zau -t ijv4_-j):
=1
4 4 ’
ZZaibJ ut it = (17)

i=1 j=1
4
i=1j=1
It can be seen that the Eq.17 can be rewritten as:
z(u,v) =u’'S v (18)

where: u = [u?,u? u, 1], v = [v3,02,v,1]T and the matrix S has the s; ; ele-

ments. Similarly for the y and z-coordinates.
Using the tensor product on functions a simple formula is obtained:
z(u,v) = z(u) ® z(v) (19)

The Eq.18 describes a parametric patch z(u,v). Each point of the curve z(u)
in the Eq.10 is parameterized by the second parameter v. As the

z(u,v) = u" MEE(v) (20)

where: £(v) = [xl(v),xg(v),x(f’) (u),:c(;)(u)]T It should be noted that all ele-
ments of the vector £€(v) are the Hermite curves again. It means, that

<

z1(v) = [$11,$127$11 79612 Mpy

<

() () = 22, 2 )M,

$11,5U12,1'11 » X192
28 (u) = (257, 28 @b, 2l My

<

<

)]

22 (v) = [$21,$2273321 79322 ]MH
]
]
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Fig. 2: Hermite bi-cubic patch (tangential and twist vectors scaled)

def 52
where z(v?) = 8%5”1} and v = [v3, 02, 0,1

Now, the Hermite patch x(u,v) for the z-coordinate can be rewritten as:

3

7.

(v) (v

Ti1 Ti12 Typ Tpg
(v) .(v)
T21 T22 T X
z(u,v) = UTME (u) () (ﬁ) (%fv) Mpgv (22)
T T Ty )
To1” Tag" Xy ~ Xog
or using more compact form:
z(u,v) = u!'M% X Mpv (23)

where the matrix X is the matrix of the control values of the Hermite patch
form.

It can be seen, that it is the bi-quadratic form. This formal notation is com-
mon for the other bicubic patches, e.g. for the Bézier, Ferguson, etc.

5 Hermite bicubic plate using tensor product

The Hermite bicubic plate can be expressed by using tensor product as:
S(u,v) = C(u) ® C(v) (24)

Using the tensor product and more compact form with the block matrix notation:

T11 T12 $§1{)
To1 Ty )
2y oy 2
(w) ,.(w)  (uv)

To1” Tag"” Xgy

z(u,v) = u' M%

N
Loo
(uv)

Mpuv (25)

L12

(uv)

La2
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The Eq.25 can be rewritten to:

T11 T12 T13 T14
T91] T T3 T
z(u,v) =uTME |721 72272 2 Ny (26)
Z31 T32 L33 L34
T41 T42 T43 T44

where x;; are the control values, see Fig.2.
Now, using the tensor product and a submatrix 4 x 4 of the patch end-points
a more ”compact form” describing the Hermite patch is obtained as:

1 2 P, P
P , _ TMT 88 ® |: 11 12:| M _
(w0) =u My LEL aZav] Py P2 i
[Pn Pu] N {Pn Plz} (27)
Py P ov [Py P
TaxT 21 P22 21 P22
M M
il r [Pu P12] 9> [Pn P12] my
Ou |Pyy Pag| 9u0v | Py Poy

If the differential tensor operator Eq.3 is applied on the Hermit bicubic cor-
ners, the matrix form is obtained as follows:

{1 o } ®[P11 Py|

o

du Oudv P21 P22—
P11 P2 o |P11 P2
P21 P22 v P21 P22

PP 2

o |Pu1Pi2| 11 P12

ou |:1321 P22 Oudv |:P21 P22:|_ (28)
P,y Py %Pn %Pu
Py Py 8%1321 (%Pm

d

9 o) o)
%Pll @PIQ agQUPII ag'gvPlQ
%PQl %PQQ 8u8vP21 8u8vP22

It can be seen that this matrix clearly shows the Hermite form properties.

It should be noted that the Hermite bicubic parametric patch can be con-
verted to the Bézier bicubic patch similarly as in the case of cubic curves, see
Anand[2].

6 Conclusion

This contribution presents a different approach for the Hermite cubic curve and
Hermite bicubic patch definition using the tensor product, as the tensor product
might be applied not only on vectors and matrices, but also on functions. Unfor-
tunately, especially in computer graphics courses, vector or matrix formulation
is presented only, without deeper derivation of the formulas.
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The derivation of the Hermite form using the tensor matrix operations is

more understandable, especially in the case of the Hermite bicubic patch.
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